Abstract. We use Earle's generalization of Montel's theorem to obtain some results on holomorphic motions over infinite dimensional parameter spaces. We also study some properties of group-equivariant extensions of holomorphic motions.
Introduction
The main goal in this paper is to study an application of Earle's generalization of Montel's theorem ( [3] ) to holomorphic motions over infinite dimensional parameter spaces. For precise definitions see §1.1. In the study of holomorphic motions, an important question is the following: given a holomorphic motion φ : V × E → C, where E is a finite set consisting of n points, if a ∈ C \ E, does there exist a holomorphic motion φ : V × (E ∪ {a}) → C such that φ extends φ? In their famous paper [9] , Sullivan and Thurston called this the "holomorphic axiom of choice." If φ : Δ × E → C is a holomorphic motion, where Δ is the open unit disk in the complex plane, and E is any subset of C, the holomorphic axiom of choice is the crucial step in extending φ to a holomorphic motion of C; see, for example, [2] and [9] . In our paper, we use a theorem of Earle to generalize this fact to holomorphic motions over connected complex Banach manifolds. More precisely, we show that if V is a connected complex Banach manifold with a basepoint such that the holomorphic axiom of choice holds, then any holomorphic motion φ : V × E → C can be extended to a holomorphic motion φ : V × C → C. Furthermore, if the holomorphic motion φ is group-equivariant, then the extended holomorphic motion φ can be chosen to have the same group-equivariance property. Definition 1.1. Let V be a connected complex manifold with a basepoint t 0 and let E be any subset of C. A holomorphic motion of E over V is a map φ : V × E → C that has the following three properties:
(i) φ(t 0 , z) = z for all z in E, (ii) the map φ(t, ·) : E → C is injective for each t in V , and (iii) the map φ(·, z) : V → C is holomorphic for each z in E.
We say that V is a parameter space of the holomorphic motion φ. We will assume that φ is a normalized holomorphic motion; i.e. 0, 1, and ∞ belong to E and are fixed points of the map φ(t, ·) for every t in V . It is sometimes useful to write φ(t, z) as φ t (z), and also as φ
If E is a proper subset of E and φ :
Definition 1.2. Let V be a connected complex manifold with a basepoint. Let G be a group of Möbius transformations, let E ⊂ C be G-invariant, which means,
The following generalization of Montel's Theorem, due to Earle (see [3] ), is important in our paper. We now review a well-known fact. For holomorphic motions over Δ, this was proved in [7] . 
Proof. Let ρ be the Poincaré distance on C \ {0, 1, ∞}. Note that if z, w ∈ C \ {0, 1, ∞} are a bounded hyperbolic distance apart, and |z| → 0, then |w| → 0. For any four distinct points a, b, c, d ∈ E define:
Since φ is injective in the second coordinate, this gives a mapping g : V → C \ {0, 1, ∞}. Since φ is holomorphic in the first coordinate, g is holomorphic and thus
we have: For (2), using the above arguments, for any fixed t, φ t is equicontinuous on E, and therefore, it can be extended to a continuous function on E. For any fixed z ∈ E (z = 0, 1, ∞), let z n → z, where z n ∈ E. Since φ z n (t) is holomorphic for each z n , and z n = 0, 1, ∞ for any n, {φ z n (t)} is a normal family. Therefore, there exists a subsequence φ z n i → φ z and φ z is holomorphic by Theorem 1.3. For the injectivity, since for any z = w ∈ E, the cross-ratio
For (3) consider any point z ∈ E, any other two points,
, this implies that φ t is the restriction of a quasiconformal self-map of C. Remark 1.5. For standard facts on quasiconformal mappings see [1] . The extension to the closure (Part 2) is also proved in Theorem 1 in [5] , using different methods. Definition 1.6. Let V be a connected complex Banach manifold with a basepoint. Let φ : V × E → C be a holomorphic motion of any finite set E (containing 0, 1, and ∞), such that if a is any point in C \ E, there exists a holomorphic motion φ : V × (E ∪ {a}) → C extending φ. Then we say that the holomorphic axiom of choice holds.
Statements of the main theorems.
Our goal in this paper is to prove the following theorems. Let {φ α } be a net in Φ, and consider {φ
. This defines a family of holomorphic functions on V which miss 0 and 1, so by Theorem 1.3 there is a convergent subnet {φ 
If we can show φ ∈ Φ, it will be the limit desired.
That φ(t 0 , z) = z for all z ∈ E is obvious. That φ is holomorphic in the first coordinate follows from the fact each φ k δ is holomorphic, and the collection of holomorphic functions is closed in the compact-open topology. Also, the limit function φ is evidently normalized. Showing φ is injective in the second coordinate is done as follows.
Fix t ∈ V . Since each φ δ (t, z) ∈ Φ, there exists, (by Proposition 1.4) an η, independent of δ, such that:
and with z and z distinct elements of E not equal to 0 or 1. Passing to the limit gives:
The cross-ratio on the RHS will be < ∞, so the cross-ratio on the LHS will be < ∞, implying φ t (z) = φ t (z ), thus proving injectivity in the second coordinate in this case. The possibility z or z is equal to 0 or 1 is dealt with by replacing 0 or 1 with ∞ and then permuting elements in the cross-ratios above.
Lemma 2.2. Let {E n } be an ascending sequence of finite subsets of C such that E 1 ⊃ {0, 1, ∞}, and let E = n E n . For each n, let φ n be a normalized holomorphic motion on V × E n , where as usual V is a complex connected Banach manifold with basepoint t 0 . Then there is a subsequence φ n j , and a holomorphic motion φ : V × E → C, such that φ n j converges compactly to φ on each V × E n .
Proof. Denote n E n by E for convenience. Since φ n |(V × E 1 ) is a collection of holomorphic motions of E 1 , and E 1 is finite, by Lemma 2.1, there is a subsequence φ n k 1 which converges compactly on V × E 1 . Since φ n k 1 |(V × E 2 ) is a sequence of holomorphic motions on V × E 2 there is, by the same lemma, a further subsequence φ n k 2 which converges compactly on V × E 2 , and therefore on V × E 1 as well. Continuing like this, and then applying a diagonalization argument, we see that there is a sequence φ n k j which converges compactly on each V × E n . Therefore, it converges to a limit φ : V × E → C which is a holomorphic motion. By Proposition 1.4, this extends to a holomorphic motion of E .
Proof of Theorem A.
Step 1: By Proposition 1.4, we can assume that E is closed. Let {E n } be an ascending sequence of finite subsets of E whose union E is dense in E, and let y ∈ C \ E. We claim φ has an extension φ on V × (E ∪ {y}) which is also a holomorphic motion.
Let φ n be the holomorphic motion on V × E n obtained by restricting φ, and let φ n be a holomorphic motion on V × (E n ∪ {y}) which extends φ n . By Lemma 2.2, there is a subsequence φ n j which converges at each point of E ∪{y} to a holomorphic motion on V × (E ∪ {y}). By Proposition 1.4, this holomorphic motion can be extended to a holomorphic motion on E ∪ {y}; denote it by φ , and since it agrees with φ on the dense subset V × E of V × E, and since both are continuous, φ is the extension desired.
Step 2: Let E ⊂ C be any closed set, and let Y = {y 1 , y 2 , . . .} be a countable dense subset of C \ E. Let F 0 = E, let F 1 = E ∪ {y 1 }, let F 2 = F 1 ∪ {y 2 }, and so on. Let φ 0 = φ. By Step 1 there is an extension φ 1 to V × F 1 of φ 0 which is also a holomorphic motion. By Step 1 again, there is an extension φ 2 to V × F 2 of φ 1 which is also a holomorphic motion. Continuing inductively, we obtain a sequence φ n : V × F n → C of holomorphic motions, all of which extend φ. Since each holomorphic motion is an extension of the one before, a holomorphic motion φ clearly exists on V × (E ∪ Y ). Use Proposition 1.4, and we are done by choice of Y . Proof. By Proposition 1.4 we may assume that E is a closed set. Let {0, 1, ∞} ⊂ E 1 ⊂ E 2 ⊂ . . . ... be an ascending sequence of finite subsets of E whose union E is dense in E. Let Y = {y 1 , y 2 , ...} be a countable dense subset of C \ E, and let F n := E n ∪ {y 1 , y 2 , . . . , y n } for every n. By hypothesis there is for each n a holomorphic motion φ n on V × F n whose restriction to V × E n coincides with φ. By Lemma 2.2, if F := ∪F n there is a holomorphic motion φ on V × F such that φ agrees with φ on V × E . Let φ be the extension of this motion to the closure of F , it will extend φ and since F = C, this is the extension desired.
Group-equivariant extensions of holomorphic motions
The discussion in Sections 3 and 4 are inspired by the arguments in the proof of Theorem 1 in [4] . Let V be a connected complex Banach manifold with basepoint t 0 , let G be a group of Möbius transformations, and E be a closed G-invariant subset of C (containing 0, 1, ∞). Suppose φ : V × E → C is a G-equivariant holomorphic motion (see Definition 1.2).
For any t ∈ V, g ∈ G, there is a Möbius transformation, denoted by θ t (g), such that φ(t, g(z)) = (θ t (g))(φ(t, z))
for all z in E. It is proved in Theorem 4 (i) of [8] that {θ t } t∈V is a holomorphic family of isomorphisms of G; see Definition 1.10 and Theorem 4 (i) of [8] . Since θ t 0 is the identity, θ t is a quasiconformal deformation of G, for all t in V , by Theorem 4 (ii) of [8] ; which means, there exists a quasiconformal homeomorphism f t of C inducing θ t in the sense that
In particular each of the isomorphisms θ t is type-preserving.
If G is a group of Möbius transformations and z ∈ C then the stabilizer is denoted by G z for the remainder of the paper. 
Proof. Since E is closed and G-invariant and contains at least three points, it contains all fixed points of parabolic or loxodromic (including hyperbolic) elements of G. This follows from the fact any such fixed point is an attractor of the transformation itself (in the parabolic and loxodromic attractor case) or its inverse (in the case the fixed point is a repeller of a loxodromic element). Thus, if z ∈ F \ E, then the stabilizer subgroup G z contains only the identity and elliptic transformations. This also holds for all θ t (G z ), because as stated before, each θ t is type preserving.
If g, h ∈ G z are nonidentity elements and do not have the same fixed point set, ghg −1 h −1 is parabolic (see Section 9G in Chapter 2 of [6] ). It follows that every element of G z has the same two fixed points. The same is true for each θ t (G z ). Since θ t (g) depends holomorphically on t for each g ∈ G, for each z ∈ F \ E there is a unique holomorphic function ψ z on V such that ψ z (t 0 ) = z and ψ z (t) is fixed by θ t (g) for all g ∈ G z and all t ∈ V .
We extend φ to E ∪ F by setting φ(t, z) := ψ z (t) if t ∈ V and z ∈ F \ E. We claim this extended map is a G-equivariant holomorphic motion. For any z ∈ F ∪E, φ(t 0 , z) = z by construction. That φ is holomorphic in the first coordinate also follows directly from construction.
Showing φ is G-equivariant is only slightly more involved. Note E ∪ F is Ginvariant; for E is G-invariant by hypothesis, and F is G-invariant by elementary algebra. If z ∈ E, φ(t, g(z)) = (θ t (g)) φ(t, z) for all g in G by hypothesis. If z ∈ F \ E, then the result follows from the definition of ψ z and elementary facts about group actions.
The injectivity follows from the following
The proof is given below.
We continue with the proof of Proposition 3.1. Suppose φ(t, z) = φ(t, z ), where t ∈ V is fixed. We need to show z = z . If both are in E, this is true by hypothesis. Assume, then, z ∈ F \ E. Then for all g ∈ G we have φ(t, z) = φ(t, g(z) ). By Lemma 3.2, this implies that g ∈ G z . Thus G z ⊂ G z , and G z = G z follows because the argument is symmetric. Since z ∈ F \ E, G z is a nontrivial group consisting only of elliptic elements all of which share the same fixed points. If z = z , they must be these fixed points. So φ(s, z ) and φ(s, z) are the two fixed points of θ s (g) for any s ∈ V and nontrivial g ∈ G (this follows from the argument about disjoint graphs given in the proof of Lemma 3.2), contradicting our assumption φ(t, z) = φ(t, z ). So z = z , and the proof is complete.
Proof of Lemma 3.2.
Assume there is some combination of g, z and s for which Lemma 3.2 is false. If z ∈ E this cannot happen, so assume z ∈ F \ E henceforth. For simplicity's sake let w := φ(s, z), and by our hypothesis and G-equivariance of φ we have θ s (g)(w) = w. Choose a quasiconformal homeomorphism f s of C inducing θ s , and observe g fixes the point z := f
That is, g ∈ G z . If z = z there is nothing to prove, so we henceforth assume this is not the case. If h ∈ G z , then by the G-equivariance we have
Recall we assumed g was not in G z , and choose a nontrivial h ∈ G z . The commutator h * = hgh −1 g −1 is parabolic, so it can have only one fixed point, which will of course be z since both g and h fix it. The transformation θ s (h * )
is also parabolic, and it fixes φ(s, z ) by the G-equivariance and it fixes w because f s induces θ s . Therefore φ(s, z ) = w = φ(s, z). Since h ∈ G z , and G z ⊂ G z , G-equivariance implies θ s (h) fixes both φ(s, z ) and φ(s, z) for every t ∈ V . But θ s (h) is always elliptic, and its fixed points are given by two holomorphic functions of s on V with disjoint graphs (as subsets of V × C).
It then follows from the definition of φ that φ(t, z) and φ(t, z ), as functions of t, either agree everywhere or agree nowhere. But we have already seen that when t = s, φ(t, z) = φ(t, z ). But this contradicts the fact φ(t 0 , z) = φ(t 0 , z ), since z = z by assumption. Hence we have a contradiction, and our lemma follows.
Proof of Theorem B
We showed in the proof of Theorem A that the hypothesis has the implication that if A is any subset of C, and y ∈ C \ A, then there is an extension of ψ to V × (A ∪ {y}) which is also a holomorphic motion. Now, let φ and E be as in the hypothesis of our theorem, and let F be as in Proposition 3.1. Then φ has a G-equivariant extension to V × (E ∪ F ); denote this extension by φ as well for simplicity. Note that the definition of G-equivariance of a motion of a set clearly extends to the closure of that set. If E ∪ F is dense in C, we are done, as φ extends to V × C by Proposition 1.4. Otherwise let E be a G-invariant subset of C on which there is a G-equivariant holomorphic extension of φ, denoted by φ, again for simplicity, and further assume (E ∪ F ) ⊂ E. Again, if E is dense in C we are done.
If not, take y ∈ C \ E, and extend φ to φ : V × ( E ∪ {y}). This can be done by the above comment. Now extend φ to all of V × ( E ∪ G(y)) by the formula φ (t, g(y)) := (θ t (g))(φ (t, y)) where g ∈ G, t ∈ V . Here G(y) denotes the G-orbit of y, and this is welldefined because G y is trivial (y is not in F ). We claim this extended φ is a G-equivariant holomorphic motion.
, (i) of Definition 1.1 holds. Since for fixed g, θ t (g) is holomorphic on t ∈ V , and φ (t, y) is holomorphic on t ∈ V by construction, for g(y) ∈ G(y) we have φ (t, g(y) ) is the product of two holomorphic functions, and so holomorphic itself. That φ is G-equivariant is selfevident.
Before verifying injectivity, we make some general comments about fixed points of transformations in θ t (G), where t ∈ V is given. For any subset D ⊂ E we define φ(t, D) := {ζ ∈ C : ζ = φ(t, z) for some z ∈ D}.
For any nontrivial g ∈ Möb, let F ix(g) be the set of fixed points of g. We claim that if g ∈ G, φ(t, F ix(g)) = F ix(θ t (g)). Since θ t is type-preserving, both F ix(g) and F ix(θ t (g)) contain the same finite number of points. Now say a ∈ F ix(g).
Then φ(t, a) = φ(t, g(a)) = (θ t (g))(φ(t, a)), implying φ(t, F ix(g)) ⊂ F ix(θ t (g))
, and equality follows. Now, fix t ∈ V ; we need to show φ (t, z) = φ (t, z ) ⇒ z = z . If both z and z are in E ∪ {y}, this is true by construction. So assume z ∈ E, and z ∈ G(y). There is a g ∈ G such that g(y) = z , and by G-invariance of E there is a ζ ∈ E such that g(ζ) = z. Then we have, by G-equivariance:
(θ t (g))(φ (t, ζ)) = φ (t, z) = φ (t, z ) = (θ t (g))(φ (t, y)) which implies that φ (t, ζ) = φ (t, y). Since the last statement is false, we have a contradiction.
Finally, assume both points are in G(y), then there are distinct g, h ∈ G such that g(y) = z, h(y) = z , and g = h. Then (θ t (g))(φ (t, y)) = (θ t (h))(φ (t, y)). So θ t (gh −1 ) fixes φ (t, y). It follows from the above comments y ∈ F ix(gh −1 ), implying y ∈ F ⊂ E, a contradiction.
Step 2: Take Y a countable subset of C \ E such that (1) Any two distinct elements of Y are in distinct G-orbits. 
